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Definition 1. Let A be a square matriz whose entries are complex numbers.
If Av = Xv for a complex number A\ and a non-zero vector v, then A is an
eigenvalue of A, and v is the corresponding eigenvector.

Definition 2. Let A be a square matriz. Then
p(z) = det(A — Ix)

is the characteristic polynomial of A.

1 Matrix similarity

Definition 3. Square matrices A and D are similar if A = CDC™! for some
reqular matriz C. FEquivalently, they are similar if they are matrices of the
same linear function, with respect to different bases.

Lemma 1. If A and D are similar, then they have the same characteristic
polynomials, and thus they have the same eigenvalues with the same algebraic
multiplicities. Furthermore, their eigenvalues also have the same geometric
multiplicities.

Proof. Suppose that A = CDC™!. Then the characteristic polynomial det(A—
Iz) of A is equal to

det(A — 1) = det(CDC ™! — Iz) = det(C(D — Iz)C™ 1)
= det(C) det(D — Iz)det(C™') = det(D — Ix),

which is the characteristic polynomial of D.

Furthermore, for any A, we have v € Ker(D — AI) if and only if Cv €
Ker(A—A\I), and since C' is regular, we have dim(Ker(D—A\I)) = dim(Ker(A—
Al)); hence, the geometric multiplicities of A as an eigenvalue of A and D
coincide. 0



Corollary 2. If A and B are square matrices, then AB and BA have the
same eigenvalues.

B 0 B BA
the same eigenvalues except for extra zero eigenvalues of X, and that BA
and Y have the same eigenvalues except for extra zero eigenvalues of Y.

Proof. Let X = (AB 0) and Y = (0 g ) Note that AB and X have

Furthermore, let C' = é fll , and note that XC = CY, and thus X and
Y are similar and have the same eigenvalues by Lemma 1. O]

Observation 3. If A = CDC™! for some square matrices A and D, then
A" = CD"C~'. More generally, for any polynomial p, we have p(A) =
Cp(D)C~.

2 Diagonalization

9 1 -2

Example 1. Let A= | 4 3 2 | and let f: R® — R? be defined by
5! 1 5)

f(z) = Azx.

FEigenvectors and eigenvalues of A are
o vy = (1,—1,—-1)T, eigenvalue 1,
o vy =(—1,2,1)T, eigenvalue 2,
o v3=(—1,1,2)T, eigenvalue 3.
Note that B = vy, vy, v3 is a basis of R®. If [z]p = (a1, ao, a3), then
f(z) = flanvy + agve + azvs)

= ayf(v1) + aaf(va) + azf(vs)
= v + 20[21)2 + 3043’03,

and thus [f(z)|p.s = (a1,2a9,3a3). Therefore, the matriz of f with respect
to the basis B s

1 00
(fles=D=10 2 0
0 0 3
Let B’ be the standard basis of R®. Let
1 -1 -1
C= [Z.d]B,B/ = (Ul‘?}g‘vg) == —1 2 1
-1 1 2



Recall that
[fle.5 = lid s [f].8lid 5.5 = lid 5[ f]B,8lid 55,
and thus
A=CDC™.

Lemma 4. An n x n matriz A is similar to a diagonal matriz if and only if
there exists a basis of C™ formed by eigenvectors of A.

Proof. Suppose that A = CDC~! for a diagonal matrix D with diagonal
entries A\, ..., A,. Since C' is regular, B = Cey,...,Ce, is a basis of C".
Furthermore, A(Ce;) = CDe; = X\;(Ce;), and thus B is formed by eigenvec-
tors of A.

Conversely, suppose that vy, ..., v, is a basis of C™ formed by eigenvectors
of A corresponding to eigenvalues A;, ..., \,, and let D be the diagonal
matrix D with diagonal entries Ay, ..., A,. Let C' = (v4]...|v,). Then

CrAC = CH(Avy] ... |Av,) = C ' (\vi| ... M) = C71CD = D,

and thus A and D are similar. O
Lemma 5. If Ay, ..., A\ are pairwise distinct eigenvalues of A (not neces-
sarily all of them) and vy, ..., vg are corresponding eigenvectors, then vy,

.., Vg are linearly independent.

Proof. We proceed by induction on k; the claim is trivial for £ = 1. Suppose
that ayv; + ... + agvg = o0; then 0 = A(aqvy + ... + vg) = vy + ... +
apApUg, and ag (A7 — A\g)vr + as( Ao — Ap)va + .o 4+ agp_1(Ag—1 — Ak )vg—1 = 0.
By the induction hypothesis, a;(A\; — Ay) =0 for 1 < j < k — 1, and since
Aj # A, we have oj = 0. Therefore, agv, = 0, and since v, # o, we have
ap = 0. ]

Corollary 6. Let A be an nxn matrix. If the geometric multiplicity of every
eigenvalue of A is equal to its algebraic multiplicity, then A is similar to a
diagonal matriz. In particular, this is the case if all eigenvalues of A have
algebraic multiplicity 1, i.e., if A has n distinct eigenvalues.

Example 2. Let ay = 3, a1 = 8 and any 2 = dayy1 — 6a, for n > 0.
Determine a formula for a,.
Let A = (—06 é) Note that A(a,,ani1)? = (ani1, dans1 — 6a,)T =

(Ani1s ang2)T, and thus (a,, an1)? = A™(3,8)T. The eigenvalues of A are 2
and 3, and thus
(2 0\ .,
amo(? )
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for some matriz C. Therefore, (an,ani1)? = C (20 30n> ot (g) It fol-

lows that a,, = 12" + P23" for some (51 and By. Since ag = 3 and ay = 8, we
have By =1 and 3 = 2. Hence, a,, = 2" + 2 - 3".

3 Jordan normal form

Not all matrices are diagonalizable. However, a slight weakening of this claim
is true.

A1 0 O
. 10 X 1 0 ...
Definition 4. Let Jx(\) be the k x k matriz . We call
00 ... 0 A
each such matriz a Jordan \-block.
A matriz J is in Jordan normal form if
Ji (A1) 0 0
g 0 Jey(X2) 0
0 0 coo T, (Am)
for some integers kq, ..., k,, and complex numbers A\, ..., Ap.

Note that J1(A) = (A), and that Ji(\) has eigenvalue A\ with algebraic
multiplicity £ and geometric multiplicity 1.

Definition 5. Let 'V be a linear space over complex numbers. A chain of
generalized eigenvectors for a linear function f : 'V — V with eigenvalue
A is a sequence of non-zero vectors vy, ..., v such that f(vy) = Av; and

fv) =My + v fori=2,...k.

Lemma 7. Let V be a linear space over complex numbers of finite dimension
n. For every linear function f : V — 'V, there exist chains Cy, ..., Cp, of
generalized eigenvectors such that the union of C1, ..., Cy, is a basis of V.

Proof. We prove the claim by induction on n. Let A be an eigenvalue of f, and
let g : V. — V be defined by g(z) = f(z) — Ax. Let W = Im(g). Since there
exists a non-zero eigenvector corresponding to A, we have dim(Ker(g)) > 0,
and thus d = dim(W) = n — dim(Ker(g)) < n. Note that if x € W,
then z = g(y) for some y € V, and f(z) = f(9(y)) = f(f(y) — Ay) =
f(f(w) — Af(y) = g(f(y)), and thus f(z) € W. Hence, we can consider
f as a function from W to W. By the induction hypothesis, there exist
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chains Cf, ..., C/, of generalized eigenvectors of f such that their union
B" = wvy,...,v4 is a basis of W. Without loss of generality, the chains C1,
ey C’é correspond to the eigenvalue A\. Order the elements of the basis B’

so that vy, ..., v, are the last elements of the chains C}, ..., C!,. For
i=1,...,q, let z; be a vector in V such that g(z;) = v;. Let Cy, ..., C, be
the chains obtained from C7, ..., C; by adding last elements zy, ..., z,. Let
Ci=Clfori=q+1,...,m.

Let @1, ..., 2, be the first elements of the chains C7, ..., C7. Note that
x1,...,24 € W N Ker(g). Let v be any vector from W N Ker(g) and let
(aq,...,aq) be the coordinates of v with respect to B’. Consider any of the

chains C' corresponding to an eigenvalue i, and let v; be its last element such
that o; # 0. Then the i-th coordinate of g(v) = f(v) — Av is (u — Ny,
and since g(v) = 0, we conclude that p = A. Hence, v only has non-zero
coordinates in the chains corresponding to the eigenvalue \. If v; is in such
a chain and it is not its first element, then let v; be the element of the chain
preceding v;. Then, the j-th coordinate of ¢g(v) is «;, and thus a; = 0. We
conclude that the only coordinates of v that may possibly be non-zero are
those corresponding to z1, ..., x4. Therefore, K = x1,..., 2, forms a basis
of W N Ker(g).

Let K' = K, uy,...,u; be a basis of Ker(g) extending K (where ¢t =
dim(Ker(g9)) —¢ =n—d—gq). Fori =m'+1,...,m' +t, let C; be the
chain consisting of w; (which is an eigenvector corresponding to A), and let
m=m'+t.

We found chains Cf, ..., C), of generalized eigenvectors such that their
union contains n vectors. To show that it forms a basis, it suffices to argue
that these vectors are linearly independent. Consider any p = > 7 | a2 +
22:1 Biu; +w for some w € W, and let u = 25:1 Biu;. Note that g(p) € W,
and observe that for i = 1,...,¢, the i-th coordinate of g(p) with respect to
the basis B’ is equal to a;. Hence, if p = o, then oy = ... = a, = 0, and
thus w = p —u = —u. Furthermore, u € Ker(g), and thus g(u) = o, and if
p = o, then g(w) = —g(u) = o, and w € Ker(g) N W = span(K'). However,
then f; = ... =, =0 and w = o, since K’ is a basis of Ker(g). ]

Theorem 8. Fvery square matriz A is similar to a matriz in Jordan normal
form.

Proof. Let f(x) = Ax. Let C1, ..., Cp, be chains of generalized eigenvectors
of f forming a basis B of C". If C; = vy,...,vg, then f(v;) = Av; and
f(v;)) = Ay +wv_q for i = 2,... k and some eigenvalue A\. Hence, the

first column of [f]p 5 is Ae; and the i-th column of [f]g p is Ae; + e;—1 for
i = 2,...,k. Therefore, the first k& columns of [f]g p are formed by Ji(\)
padded from below by zeros. Similarly, we conclude that [f]|p 5 is in Jordan
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normal form, with m blocks corresponding to the chains C, ..., C,,. Note
that [f]p p is similar to A. O

Observation 9. If A is similar to a matriz in Jordan normal form that
contains t Jordan A-blocks of total size m, then X\ is an eigenvalue of A
with algebraic multiplicity m and geometric multiplicity t. Consequently, the
geometric multiplicity of any eigenvalue is at most as large as its algebraic
multiplicity.

Example 3. Find the Jordan normal form of the matrix

3 1 2
A= 3 3 4
-2 -1 -1

We know that A has an eigenvalue 1 of algebraic multiplicity 1 and an
ergenvalue 2 of algebraic multiplicity 2 and geometric multiplicity 1. There-
fore, the Jordan normal form of A is

1
D=10
0

S N O
N = O

The eigenvectors (0,—2,1) (eigenvalue 1) and (1,1,—1) (eigenvalue 2)
form the first elements of the chains of generalized eigenvectors. The second
element v for the eigenvalue 2 must satisfy (A — 21)v = (1,1, —1)T, which
has a solution v = (—1,0,1). Hence A= CDC™!, where

C=1-2 1 0

Example 4. Solve the system of linear differential equations

f'=3f+g+2h
g =3f+3g+4h
W=-2f—qg—h

for functions f,g,h: R — R.
Note that - (f,g,h)" = (f',g', )" = A(f,g,h)" = CDC*(f,g,h)" for
the matrices A, C, and D from Ezample 3. Equivalently, =C~'(f,g,h)" =



DCY(f,g,n)T. Let (f1,91,h)" = C7L(f, g,h)T; hence, we need to solve the
system %(fl?gla h)" = D(f1,91,m)7, i.e.,

fi=h
gi = 291 +]'L1
h/1:2h1

The general solution for the equation v’ = ar isr(x) = Ce** for any constant
C. Hence, fi(x) = Cie® and hi(z) = Cye®®. Then, g} = 2g1 + C2e>®, which
has solution g,(x) = Coze®*® + C3e** for any constant Cs. Therefore, the
solution is (f1,g1,h) = C1(e%,0,0) + Co(0, ze**, **) + C5(0, €%*,0), i.e., any
element of

span((e®,0,0), (0, e**, **), (0, e**,0)).

Hence (f,g,h)T = C(f1, 91, )" can be any element of
span(C(e*,0,0)T,C(0, ze*, )T, C(0,e**,0)") =
span ((0, —2¢”, )", ((z — 1)e**, ze**, (1 — x)e™)", (e**, ¥, —e*)") .
Observation 10. For any n > 1, we have

v e

Definition 6. For a square matriz A, let

exp(A) = R
k=0
Observation 11. If A = CDC™, then exp(A) = Cexp(D)C™,
e)\ EA
0 & &£ <
exp(hO) = [ 0 © T L
U2
and . L
e)\x :cel! x2e; X
0 et ot
eXp(‘]k(A)x) = 0 0 el)\!ar 9662)"1 z2er® o !

1! 2!



Example 5. The solutions to a system of differential equations v' = Av are
v(z) € Col(exp(Ax)).

In Example 4, we have

e’ 0 0
exp(Ar) = Cexp(Dz)C ' =C [ 0 ¥ xe® | C7H,
0 0 e*
and thus the set of solutions is
e’ 0 0
(f,g,R) € Col |C| 0 €2 ze*
0 0 e>
Lemma 12. For any polynomial p and an n X n matrix A, if A1, ..., A\, are

the eigenvalues of A listed with their algebraic multiplicities, then p(Ay), .. .,
p(An) are the eigenvalues of p(A) listed with their algebraic multiplicities.

Proof. By Lemma 1, Observation 3 and Theorem 8, it suffices to prove this
for matrices in Jordan normal form. Suppose that Ay, ..., A,, are the Jordan
blocks of A. Then p(A) is a matrix consisting of blocks p(A;), ..., p(A;,) on
the diagonal, and the list of eigenvalues of p(A) is equal to the concatenation
of the lists of eigenvalues of p(A;), ..., p(A,,). Therefore, it suffices to prove
the claim for a Jordan block Ji(\). By Observation 10, the matrix p(Ji()))
is upper triangular and its entries on the diagonal are all equal to p(\), and
thus it has eigenvalue p(\) with the algebraic multiplicity k. ]

4 Cayley-Hamilton theorem

Theorem 13 (Cayley-Hamilton theorem). If p is the characteristic polyno-
mial of an n x n matriz A, then p(A) = 0.

Proof. By Lemma 1, Observation 3 and Theorem 8, it suffices to prove this
for matrices in Jordan normal form. Suppose that Ay, ..., A,, are the Jordan
blocks of A. Then p(A) is a matrix consisting of blocks p(A4;), ..., p(4n)
on the diagonal, and p is the product of characteristic polynomials of Ay,
.., A, Hence, it suffices to show that p;(A;) = 0 for the characteristic
polynomial p; of A;. However, if A; = Ji(\), then p;(x) = (A — x)*, and
3 1 2
Example 6. Let A= 3 3 4 |. The characteristic polynomial of A
-2 -1 -1
is p(x) = —a® 4 5a* — 8w + 4.



8 4 8 20 12 24
Notethat A2 =AA =10 8 14 | andA3=A2A=| 26 20 38
-7 —4 -7 —-19 —-12 -23

We have p(A) = —A% + 5A? —8A + 41 = 0.

Corollary 14. Let A be an nxn matriz. Then for any m > 0, the matrix A™
is a linear combination of I, A, A%, ..., A" and thus the space of matrices
expressible as polynomials in A has dimension at most n. Furthermore, if A
is reqular, then A~ is contained in this space as well.



